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Abstract We note with B2 the Boole algebra with two elements. In the paper we take profit 

on the possibility of defining an integral-differential calculus for the /?" — > B2 functions in 
order to construct the elements of a distributions theory over such test functions. 
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1.1 We note with B2 the set {0,1 } together with the discrete topology, the order < 1 and the 
laws ' ® ' the modulo 2 sum, respectively ' • ' the product. 

1.2 We note with the same symbols ' ® ' , ' • ' respectively ' • ' the modulo 2 sum and the 
product of the binary functions, respectively the product of the binary functions with binary 



1.3 The convergence of the sequence w^s B2,ns N consists in the next property: 
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1. Preliminaries 



scalars. 



3aeB2,BNs N ,'\/n>N,Wn=a 
If the (unique) limit a is mentioned, then we have the usual notations >v„ — > a or 

lim Wyi=a 



(1) 



(2) 



1.4 We note with I ■ I the number of elements of a finite set. 



1 .5 Let Wje B2,is I a binary family, or a function w : / ^ ^2 

not 



Wi = w(i),iG I 

Its support is by definition the set: 

supp w = {i\ Wj = 1} = {/ 1 w(i) = 1} 



(1) 



(2) 



1.6 If the support of w is finite, then we define the modulo 2 summation 

^ f 1, 1 supp w I is an odd number 




(1) 



where , the number of elements of , is by definition an even number; if the support of w 
is infinite, then S Wj is the symbol of a generalized divergent series. 

1 .7 The left and the right limits (p(t - 0), (p(t + 0) and the left and the right derivatives 
D~(p(t), D~^(p(t) of the function (p : /? — > ^2 > binary numbers ( t fixed), or binary functions ( t 



variable) are defined like this: 

3t'<ty^s (t\t)M^) = ^(t-o),ts Rv M (1) 

3t'>t,\/?,s a,r),(p(^) = (pa + 0),?e {-oo}vR (2) 

D~(p(t)^(p(t-0)@(p(t),t€ R (3) 

Z)+(p(0 = cp(? + 0)e(p(0,/'e/? (4) 



1.8 Other notations for the left limit and the right limit functions of (p are (p : 1? v {oo} — > ^2 , 

respectively (p"*" : {-°°} v /? — > ^2 • We shall also note with (p~,(p^ the restrictions of the 
previous functions to If . 

1.9 The conditions of existence of the left limit and of left derivability, respectively of 
existence of the right limit and of right derivability coincide. If they are fulfilled under the 
form: 

(p(?-0) and (p(? + 0) exist 
then (p is called differentiable in tG R and if (p is differentiable in any t , then it is simply 
called differentiable, [3]. 

1.10 The space of the R ^ B2 differentiable functions is noted with Diff or Diff^^^ and it is 
a B2 -algebra (relative to the sum of the functions ' © ' , the product of the functions ' • ' and 
the product of the functions with scalars ' ■ ' ). 

1.11 We note with Xa • ^ ^2 t^e characteristic function of the set A e if . 

1.12 Theorem (of representation of the R^ B2 diff erentiable functions) The next conditions 
are equivalent: 

a) (pG Diff 

b) the families t^ g R,a^,b^ g B2,zg Z exist so that 

b.l) ...<t_i <tQ<ti <... 

b.2) V?',?"G R,(t',t")A{t^\zG Z} is finite 

b.3) (p(0= S (a,-X[t,}(t)®bz+l-%{t,,t,+i)(t)) (1) 

1.13 In the previous theorem, a real family {t^\z€: Z} that satisfies: 

i) the condition b.l) is called strictly increasing 

ii) the condition b.2) is called locally finite 

1.14 Being given (pe Diff like at 1.12, the families (t^),(ciz)'>(bz) are not unique, as we can 
easily see. 

1.15 We show the way that the Diff Diff operators of taking the limit and the derivative 
act on the functions (p from 1.12(1): 

(p(?-o)= s h+i-Xitz,tz+i](t) (1) 



D 9(0 = J^^z+l -Xa^r.+ijCO ® J^(a, -Xif^jW © •X(r,,r,+i)(0) (2) 



S (a,©Z7,).X{, }(0= S D cpa,)-X{. }(0 

zeZ ^ zeZ ^ 

and similarly for (p(? + 0), D"'"(p(0 . 



1.16 Conclusions a) There exist left-right dualities that will not always be treated in full 
details. 

b) The operators of taking the limit and of derivation are linear 

c) cp(a-o)-o)=cpa-o) (1) 

cp((r-0) + 0) = (pa + 0) (2) 

D~D~=D~ (3) 

D~D^ = (4) 

d) The sets supp D~<p,supp D"'"(p are locally finite. 

2 

1.17 We refer to 1.12 and we show the way that the R — > ^2 differentiable functions are 
represented (are defined). The next statements are equivalent by definition: 

a) i^2^ ^W^^^ (the ^2 "^Ig^bra of the differentiable functions) 

b) the families t^,Uyy & R,a^,b^,c^,d^^€: B2,z,wg Z exist so that 
b.l) {t^\zG Z}, {u^^, I WG Z} are strictly increasing 

b.2) {t^\z & Z}, {m^ \we Z} are locally finite 

b.3) (p2(r,M)= S S («zw-%u,}(0-X{«^}(M)©^zw+rX{/,}(0-X(«^,«^+i)(M)© 

© Cz+\w ■ X{t^ ,t^+i ) (0 • X{u^ } (") © -Xit^ ,t^+i ) (0 ■X{u„,u„+i ) (")) (1) 
2. The Space of the Test Functions 

2. 1 Let (p : /f ^ ^2 the next conditions: 

a) (pE Dijf 

b) (p has a right Umit in -00 and a left limit in 00 and these limits are null: 

(p(-oo + 0)=(p(oo-0)=0 (1) 

c) there exist the real numbers t'<f so that supp (^\t\f\ i.e. cp vanishes outside a 

compact set 

d) (p is of the form 

cp(0 = cp(^o)-XUo}(^)®^(^)-5Cao,n)(^)®^(^i)XUi}(0©cp(^)-Xai,r2)(0©- (2) 

... © cp(^^) • ,,,^1) (0 © cp(^^+i) • X{.,^i} (0 

where te R,ke N and ?o <...<^A:+1 

e) supp (p belongs to the set ring S (relative to A,a ) generated by the sets of the 
form (tQ,t\),{h} where ?o>^l>^2^^. 

2.2 If (p fulfills one of the next equivalent conditions from 2.1: 

a) and b) ^ a) and c) o d) o e) 
then it is called test function, or fundamental function. 



2.3 We note with ^ the set of the test functions (also called the fundamental space), 
organized from an algebraical point of view as B2 -algebra. 

2.4 The next property 

\|/E£)jJ,(pE®=>\|/-(pe® (1) 
shows that © is an ideal of Diff . 

2.5 We note for xe R and /?:/?—> ^2 arbitrary: 

def 

h^(t) = h(t-x),tG R (1) 

2.6 It is easily shown that (pe © implies . Moreover, supp (p a [toJk+l^ 
implies supp (p^- c [fg + +x] and supp ,supp(p^ (z[?o,?/t+l] • 

2.7 Let us consider the triple (\|/,(x„),(p) , where \|/g Dijf,(T^) is a real positive sequence 
converging to and cpe © . It defines the following sequences of test functions: 

(¥' 9x„ )'(¥' 9-x„ ) that we shall call left convergent, respectively right convergent. 

3. Regular Distributions 

3.1 The fi2'^^g^t»i'^ ^Loc ' ^Loc locally integrable functions consists in the functions 
f :R ^ B2 with a locally finite support: 

yt\t"e R,(t',t")Asupp f is finite 
It is a subalgebra of Diff . 

3.2 The fi2'^^g^t»i'^ ^00 of the integrable functions consists in these functions g : R ^ B2 
that have a finite support. 

It is a subalgebra of Ij^^. . 

00 

3.3 Let g € . We note by |g the integral of g defined in this way: 

—00 

00 

jg= S gi^) (1) 
—00 

3.4 Let / e /y^^,, a locally integrable function. It defines the function [/] : ® — > ^2 the 
following manner: 

CXD 

[/](q>)= j/-cp,(pe® (1) 

— CXD 

3.5 Remark If supp (p e [fg , t^+i ] then 

supp f ■(p = SUpp f A supp (^(ZSUpp f A [?0>^A:+l] (1) 

is a finite set, thus the integral 3.4 (1) has sense. 

3.6 Let us suppose that (p is given by the formula 2.1 (2), where ?0'^1'-">^A:+1 chosen so 
that supp / A[ro,?jt+l] ^ {^0'^l'-"'^A:+l} (this is always possible without the loss of the 
generality). Then: 



f(t)-(?(t) = f(to)-(?(to)-X{tQ}(t)®f(h)-(?(ti)-X{t^}(t)@... (1) 

■■■®f(tk+i)-<?(tk+i)-X{tk+i}(f^ 

where te R and it takes place 

[fm) = f(to)-<?(to)®f(h)-<?(h)®-®f(tk+i)-<?(h+i) (2) 

3.7 Theorem The function [/] satisfies: 

a) it is linear 

b) for any triple (\|/,(T„),(p) , where \|/€ Diff,('^n) ^ ^^^^ positive sequence that 
converges to and (pe ®, the binary sequences ([/](\|/-9t;^)), are 
convergent. 

Proof b) We suppose that (p is given by the formula 2. 1 (2) and 

supp f A[tQ,ti,+i](Z {tQ,ti,...,ti,+i}. Then supp f • \|/ a [^Q.^jt+ll ^ {^O'^l'-'^^t+ll also and 
there exists N ^ N such that for any n>N we have: 

[/](¥ ■ 9t„ ) = f(h) ■ ■ 9(h - 0) © ... © f(tk+i) ■ ■ <p(tk+i - 0) (1) 

[f](^-^-^„) = f(to)Mto)-Wo + 0)®-®f(tk)Mtk)-^(tk+Q) (2) 

3.8 A simple and important property of the function [/] is the following: for any ts R,X[t} 
is a test function and 

[/](xw)=^s^/(0-%w(^) = /(0 (1) 

3.9 Proposition Let e Iloc • If 

V(pe®,[/]((p) = [/l](9) (1) 

then / and fi are equal. 

Proof Let us suppose that there exists t^s R with 

f{tQ)^h{tQ) (2) 

This fact impUes, taking into account 3.8, that 

[/](X{ro } ) = / (^0 )*hito) = [/l ](X{ro } ) (3) 

which contradicts (1). 

3. 10 We discuss the behavior of [/] : © — > ^2 ' where / g /^^^ > relative to translations and 
let x& R an arbitrary number. Because e Iij^^. , it makes sense to speak about the function 

For any cpe © the next equations are true: 

[/x]((P)= S A(^)-(p(^)= S /(^-x)-(p(^)= S /(^')-(p(^'+x)= (1) 
^eJ? ^eJ? ^'eJ? 

= S /(^')-(P-t(^') = [/](9-t) 

3.11 We discuss the behavior of [/] : ® — > ^2 relative to the product with a differentiable 
function. We see that for any differentiable function \\fG Dijf and any test function (pe ® : 

- the function \|/-/ is locally integrable (i.e. Ij^^. is an ideal of Dijf ) 

- the function \|/- cp is a test function (see 2.4) 
so that we can define [\|/ • /] : ® — > ^2 • It t^^- 



[x|/-/](cp)= j(vi/-/)-(p= j/-(\|/-cp) = [/](\|/-cp) (1) 

— oo — oo 

3.12 The value of the function [/] in the 'point' (p is noted by tradition with < [/],(p >, 
<[/](0>9(0> (abusive notation !), or ([/],(p) , respectively ([/](0>9(0) instead of [/]((p) . 

3.13 The functions [/] : ® — > ^2 ' where / e Ij^^. that have been discussed in this paragraph 
are called regular distributions, or distributions of function type. It is said that [/] is the 
regular distribution defined by the function f , or that is associated to the locally integrable 
function f . 

4. Distributions 

4. 1 It is called distribution a function / : © — > ^2 that fulfills the following conditions: 

a) it is linear 

b) for any triple (\|/,(x„),(p) , where Diff',(i^) is a real positive sequence that 
converges to and cpe ©), the binary sequences (/(V <Pt„ ))'(/(¥ 'P-t^ )) are convergent. 

4.2 By tradition, the value of a distribution / in the 'point' cp is noted with < /,(p >, 
</(0,(p(0> (abusive notation, because t&R cannot be the argument of /), or (/,(p), 
(/(0,cp(0) instead of /(cp) . 

4.3 a) The definition 4. 1 restates the properties of the regular distributions that were expressed 
in 3.7 and which were considered to be essential. 

b) We have already a remarkable example of distributions, that is the regular 
distributions. 

4.4 The definition 4. 1 leaves open the possibility that the following assertion: 

3g € /z^c.V(p€ ©,< /,9 >=< > 
should be not true, thus / may be not a regular distribution. In this situation, the distribution 
/ is said to be singular. 

4.3 The fact that some distributions may be identified with the locally integrable functions, 

existing however distributions that can be identified with no (locally integrable) function was 
the cause for which I.M. Gelfand and G.E. Shilow have called the distributions generalized 
functions. The two great mathematicians were working with real functions, but we shall show 
the existence of the generalized pseudo-boolean functions a little later. 

4.6 In order to interpret the conditions of convergence 4. 1 b) let us suppose for the beginning 
that in (\|/,(T„),(p) , 

X|/ = l (1) 
(the constant function). In this situation we get for / : ® — > ^2 the transposition of the 
condition of differentiability (see 1.9) of x:R—>B2 written under the form: 

bi) for any couple ((t„),0 in which (t„) is a real positive sequence that converges 
to and teR is a real number, the binary sequences (x(?-T„)), (x(? + x„)) are convergent. 

Thus, when \|/g Diff is arbitrary, 4.1 b) expresses under a sufficiently general form 
the idea that the distributions are 'differentiable'. 



4.7 The problem that we put is if, continuing the previous idea, the way that 
x(t-Xn)^x(t-0) we have also </,\|/-(Pt„ >^</>¥-9~> or </,(p^^ >^</,(p~>. 
We shall show that the answer is generally negative. 

4.8 We define the parity function %:N by: 

fl, n is odd 

n(n) = \' . (1) 
[{),n IS even 

see again 1.6 for another definition of the same type. 

4.9 It is easily shown the next property of % : 

nim + n) = Ti(m)®Ti(n),m,ne N (1) 

4.10 Proposition The function / : © ^ ^2 defined by: 

< f'XiaiM) ® - ® 5C(ap ,bp ) ® %{ci,...,c^ } >= + k) (1) 
is a distribution, where p,kG N and where, by definition: 

the null functions. 

Proof / is obviously linear (see also 4.9) and on the other hand the binary sequences 
(< /,\|/ - cp^^ >), (< /,\|/ - (p_T;^ >) become constant starting with a certain rank. 

4. 1 1 Counterexample for 4.7 We take 

9 = X(0,i) (1) 

¥ = 1 (3) 

and we have for / like in 4.10 (1) 

^%=5C^1^^ (4) 

9"=X(0,1] (5) 

</'X.^l+^) >=7t(l) = 1^0 = 7t(2)=</,X(04] > (6) 
n+r n+1 

where ne N . 

4.12 Let the distribution / : ® ^ ^2 ^i^^ \|/g Dzjff , cpe W> • The condition 4.1 b) implies that 
the function g :R ^ B2 defined in the next manner: 

g(t)=<f,\\f-(pt>,teR (1) 
is differentiable in the origin. Since \|/, cp are arbitrarily chosen, they can be replaced by their 
translations with T , whence it follows that g is differentiable in any T . 

4.13 Theorem Let the distribution / : © ^ ^2 • The next statements are true: 

a) The function g : i? — > ^2 defined by 

g(t)=<f,(Pt>,t^R (1) 
is differentiable, where cpe © . 

b) The functions Fq, /?:/?—> ^2 > 



m)=<f^X{t}> (2) 

h{t) =< f,X(tQ+t,ti+t) >,teR (3) 

are differentiable. 

c) The functions x,y: R ^ B2, 

x(t)=<f,X(tQ,t)> (4) 

y(t)=<f,X(t,to)>'t^^ (5) 

are differentiable, tge R . 

Proof We show that the function x given by (4) has a right limit in tie R , where ti is 
arbitrary. 

Case 1 ti < tQ (6) 

For any real positive sequence T„ e (OJq -ti),ne N that converges to , we have: 
</.X(ro,?i+T„) > = </,%0 > = </,0>=0,nE (7) 

Case 2 ?1 > tQ (8) 

We suppose against all reason that x does not have aright limit in ti, thus the next 

positive convergent to sequences exist: (t„), (v„) with 

</.X(ro,?i+v„) >^«®1 (10) 
where a e ^2 • numbers rj and tQ so that: 

?i<ro<?i<?o (11) 

and Ne N exists giving for n> N that 

ai + T„,?i+T„)A(ro,/'o) = («'0'^l+'Cn) (12) 

(rj+V„,ri +Vn)A(tQ,tQ) = (tQ,tl+V„) (13) 

from where, taking into account that 4. 1 b) implies the independence of the Umit on 
(-CnXCv^): 

"^•''('o.'o.-''('Hv„,„.v„)> = <^-''('o.'."»)>^* 

bs B2. The relations (14), (15) compared with (9), (10) give a contradiction and we have that 
X has a right Umit in ti . 

It is shown similarly that x has a left limit in ti and the differentiability of y too. 

4. 14 Let the distributions /, ^ : ® ^ ^2 • We define the function / © g : © ^ ^2 ^Y- 

V(pG ©,</©<?, cp> = </.9>®<^'9> (1) 

4. 15 Theorem The function / © ^ is a distribution. 

Proof The property of linearity of f @ g , as well as the convergence of 

(<f@g,\\f-(p^^ >),(</©.?,¥-9-x„ >) when Dij^, (x„) is real positive convergent to 

and cpe ® - are obvious. 

4. 16 Remarks a) The theorem 4. 15 justifies the notation < / © g,(p > for the value of the 
function / © g in the 'point' (p . 



b) In the special case of 4ie regular distributions, for /, g e Ij^^ it is true: 

[/®g] = [/]®[g] (1) 

4.17 Let the distribution / : © ^ ^2 the function \|/e Dijf . The property 3.11 of the 
regular distributions suggests the next definition: the function \|/ • / : ® — > ^2 is given by: 

<\|/-/,(p> = </,\|/-(p>,(p€® (1) 

The definition is correct, because for any (p , the function \|/ • (p is a test function. 

4. 18 Theorem The function \|/ • / is a distribution. 

Proof The linearity, as well as the property of convergence are obvious. 

4. 19 Remarks a) The previous theorem justifies the notation < \|/ • /, (p > for the value of the 
function \|/ • / in the 'point' (p . 

b) We have the special case at 4.17, when \|/ is the constant function, that is identified 
with a Boolean constant. 

4.20 We note with the space of the © — > ^2 distributions that is from an algebraical 
point of view organized as B2 -linear space and Dijf -module. 

4.21 Let the distribution / € and te /? . The property 3.10 of the regular distributions 
suggests the next definition: the function : ® — > ^2 is given by: 

</j,(p> = </,(p_^>,(pe® (1) 
The definition is correct because for any (pe ©,9-^ is a test function. 

4.22 Theorem is a distribution. 
Proof We make use of the fact that 

(cpe(p')-x = 9-x©9-x (1) 

where (p,(p'G ®,xe etc. 

4.23 Remarks a) The previous theorem justifies the notation < /j,(p > for the value of in 
cp. 

b) We have by the replacement of x with - x : 

</_^,(p> = </,(p^>,(pe® (1) 

c) If W^' is a regular distribution, then the next property is fulfilled: 

[/x] = [/]x (2) 

5. Examples of Distributions 

5. 1 The null function : ® — > ^2 is ^ distribution, the null element of the B2 -linear space, 
respectively of the Dijf - module . 

5.2 We define the function 5 : i? — > ^2 i^^ t^i^ ^^^^ manner: 

5.3 The next locally integrable functions define regular distributions: 5, 5^^ , 

® 5^^ ® ... ® 6^^ , S 5^ ■.R^B2, where {t^\zsZ} is a locally finite set: 



<[5],(p> = (p(0) (1) 
<[\l(p> = (p(to) (2) 

<[5,Q 5,^ @...@6tJ,(?> = (?(to)@(p(ti)@...@(p(tn) (3) 

<[ E 5, ],(p>= S (pa^) (4) 

In(l),...,(4), cpG®. 

5.4 The function 5^^ : ® ^ ^2 > 

<57Q,(p> = (pao-0) (1) 
where tQS R and cpe © - defines a singular distribution. 

Proof a) We show that 5^ is a distribution. The linearity being obvious, let us consider the 

function Dijf , the real positive sequence (t„) that converges to and the function 
(pe © . We have: 

<Sro'¥-9T„ > = V(^o - 0) • 9(^0 -'Cn-0)^¥(^0-0)- 9(^0-0) (2) 

< ,\|/ • (p_^^ > = \|/ao - 0) • (p(?o + T„ - 0) ^ \|/(?o - 0) • 9(^0 + 0) (3) 
b) We show that 5^ is singular. Against all reason, let / g Iiq^. so that 

V(pE®,<57Q,(p> = <[/],(p> (4) 

Because of 4.13 c), the binary sequence (< 6^ '^^C^o-^w^o) ^ limit, i.e. it converges 

towards 

Xito-x„,to)^to-0) = l (5) 
On the other hand, we have: 

oo CO 

3A^,Vn>A^,<[/],X(,o_,„,,o) >= \ f -Xito-.n^to) = \^ = ^ 

— oo — oo 

resulting a contradiction. 5^ is singular. 

5.5 The next distributions are singular: 5~,5+,5;'„ @dZ ,5+ 05+ 0...06;^ , 

S 57 , S 5''' G , where {tj\z&Z} is locally finite. We write only the 'left' examples: 

<5~,(p> = (p(0-0) (1) 
<57q 05,- 0...057^,(p> = (pao-O)0(pai-O)0...0(pa„-O) (2) 

< S 57, (p> = S <57,(p>= S (pa^-O) (3) 
zeZ ^ zsZ ^ zeZ 

with (p e ® . 

5.6 The next distributions are singular: 

<57q 05jQ,(p> = (p(ro-O)0(p(ro) = £>"(pao) (1) 

< S (5- 05, ),(p> = S <5- 05, ,(p>= S Z)-(pa,) (2) 
zeZ ^ ^ zeZ ^ ^ zeZ 



where {t^ \ Z} is locally finite and (pe © - as well as their right duals. 
5.7 The functions 

oo 

</,(p>= jD-(p (1) 

— OO 

oo 

<g,(?>= jz)+(p (2) 

— oo 

define singular distributions, where cpe ® . 

Proof a) We show that / from (1) is a distribution and we refer to the formula of 
representation 2. 1 (2). 

oo 

a.l) The integral makes sense for any (p ; this fact results from the inclusion 

—oo 

supp D~(p(^{tQ,ti,...,ti^+l} . 

oo 

a.2) The formula of definition (1) of / shows that it is linear (both | and D~ are 

— oo 

linear). 

a. 3) We show that 4.1 b) is true. Without loss, for \|/e Diff we shall suppose that 

supp D~\^, supp D^\^ {...,t_l,tQ,tl,...,t|^_^_l,t|^_^_2,...} , where (t^) is locally finite. We get 
for (t„) positive convergent to the existence of some Ne N with 

t0<t0 + '^n<h<h+'^n<-<tk+l<^k+l+'^n<tk+2 

supp D~(\\f-(p^^ ) c {?o +x„,.-,?fe+i,?fe+i +x„} 

true whenever n>N, showing the convergence of (< / ,V|/- (p^^ >) . The convergence of 
(< /,\|/-(p_^^ >) is similarly proved. 

b) In order to prove the singularity of / , let us suppose that some hs /^^^ exists with 

oo oo 

V(pG m, \d~(?= \h-(p (4) 

— oo — oo 

We take 

with the property that supp a (^q, ?i] = • It is true: 



oo oo 



jD~(p= ^dt^=l^O= j0= j/i(p (6) 



— oo — oo 



contradiction. / is singular. 

5.8 Let (pe ® like at 2.1 (2). The association 

m^(?^< /,(?>= (p(?o) ® © (p(?i) ® ... © cp(^^^^) © ^(tk+l) e «2 (1) 

defines a function / : ® — > ^2 that is a singular distribution. 

Proof The fact that the function is a distribution was already stated at 4. 10. We show that / 
is singular. We have: 



\/neN,<f,6^> = l (2) 

n+l 

On the other hand, for any gel we have the existence of m N so that n>N 
implies: 

gd^=0 (3) 
n+l 

oo 

<U],6^>= j g d^=0 (4) 
n+l _oo «+l 
The contradiction that we have obtained shows that / is singular. 

6. The Fundamental Functions that Are Associated to a Distribution. 
The Support: of a Distribution 

6. 1 Let the distribution / e . We define the function F :R ^ ^2 the next manner: 

F(t\n=<f,Xif,n>^t\t"sR (1) 

6.2 Remarks a) If r'> r" , then 

F(t\n = <f,X0> = <f,O> = O (1) 

b) The functions F(t', ■ ), F( ■ ,?") : /? ^ ^2 are differentiable, see 4. 13 c). 

c) We recall that the function Fq .R^B2 from 4. 13 (2) 

FQ{t) = <f,X{t}>,teR (2) 

is differentiable. 

6.3 With the previous notations, each distribution / is of the form: 

= iS?{tQ)-FQ{tQ)®i!?(!-^)-F{tQ,tl)®...@i!?(^^^ 

where (p€ 

6.4 The functions F*,F : R ^ B2 are defined hke this: 

F*(t)= lim </,%(;_e,j) > (1) 
e >0 

F*(0 = lim < f,X{t,t+e) >,t^R (2) 
e >0 

6.5 Theorem are differentiable. 

Proof Let R arbitrary and fixed and let t'< t" chosen so that for any (t',t") : 

F(^,n = a (1) 
Fo(^) = b (2) 

with a,be B2 . Such t',a,b exist because of 6.2 b) and c). If satisfy t'< ^ < ^'<t" , we 

have: 

< /'X(^,r) > = < /'%(^,^') > ® < > ® < /'X(^x) > (3) 



and this is equivalent to the existence of F*(t"-0) , i.e. 

F*(t"-0) = b = Fo(t"-0) (5) 
As at the right of t", F( ■ ,t") is null, it results that F* e Diff , because t" was 
arbitrarily chosen. 

In a similar manner it is shown that F e Diff . 

6.6 The four functions F,Fq,F*,F that were previously defined are called the fundamental 
functions that are associated to the distribution / . 

6.7 The fundamental functions are not independent on each other. We have properties of the 
type: 

a) FQ(t) = F(t',t)®F(t,t")@F(t',t"),t'<t<t" (1) 

b) F*(t)= lim Fit-e,t) (2) 

e >0 

F*(t)= lim Fit,t + e) (3) 
e^O 
e >0 

c) there exists the strictly increasing locally finite family {t^\z & Z} with 

Vz G Z, V? e ), F(t^ , ) = F\t^)@ Fq (t) ® F* (4) 

Proof We prove c). Let tge R be fixed; ti > tQ exists with the property that 

F(to,t) = F\to) (5) 

Fo(t) = Fo(to+0),te(to,ti) (6) 

from where the fact that 

F(t,ti) = FitoA)® Fo(t) ® (= FitoA)® Fo(h +0)®F\to)) (7) 

gives the conclusion 

F*(ti) = F(to,ti)®Fo(t)®F\to) (8) 

i.e. tQ,ti are like at (4). 

Let us suppose that tg <ti<...<t^ are already defined. We take t^+i >fz^ 
following way: 

F(t^,t) = F\t^) (9) 
Fo(t) = Fo(t^+0),tG(t^,t^+l) (10) 

resulting 

F(t,t^+l) = F(t^,t^+l)®FQ(t)®F(t^,t)(=F(t^,t^+l)®FQ(t^+0)®F*(t^)) (11) 

and 

F*(?,+i) = F(r,,r,+i)eFo(0©F*(r,) (12) 
i.e. tQ,...,t^+i act like in (4). 

The sequence (t^)^>Q that is obtained iteratively may be chosen to be strictly 
increasing locally finite, because the supposition that a convergent subsequence (t^^ )p 

necessarily exists gives a contradiction. In a similar manner, there are obtained iteratively 



6.8 a) The distribution / e defines a function F : 1?^ ^ ^2 by the relation 6.1 (1). F 
satisfies the properties 6.2: 

i) f>f^F{t\f)=0 (1) 

ii) F(t\-),F(-,f')eDiff,t',t"eR 

b) Conversely, let us remark for the beginning that any cpe © may be written as a 
sum of functions of the form X{t',t") > if we take into account that 

X{t} =Xit',t) ®Xit,n ®%it\fyt'<t<f (2) 

Let now F :R ^ ^2 be given so that i), ii) are fulfilled. We define the function 
f:m^B2 by: 

t I) I M 

ti,ti ,...,t^,t^ G R and this represents the extension of the formula 6.1 (1) at aU the test 
functions cpe ® , by linearity. We show that / e ©' , the linearity being obvious. 
Let (\|/,(x„),9) so that Diff satisfies (without loss) 

supp D~\\f, supp Z)"'"\|/(z{...,?_i,fo,?i,.",?it+l'-"}' ("^n) is a real positive sequence convergent 
to and (pe © is given by 2.1 (2). There exists Ne N so that n>N implies: 
...<t_i<to <to+Xn <h <t\+^n<-<tk+\<tk+\+^n<tk+l<- 

¥ • 9x„ = • 9(^0 ) • %{ro ) ® V(^) • ^(^) • 5C(.o A)® (4) 

© ¥(^1 ) ■ • X{ri } © ¥(^) ■ ■ ,ri +x„ ) © 

© • 9(^1 )•%{,! +.„}©... © x|/(^^±i±^) . (pa^+i ) • +x„ } 

the convergence of (< /,\|/ • (p^^ >) resulting from the linearity, from ii) and from (2). 

In a similar manner the convergence of (< / ,¥ ' >) is proved. / is a 
distribution. 

6.9 The support offs is by definition the support of the function F -.R -^Bj, 

def 

supp f = suppF={(t\t")\(t',t")sR^,F(t',t") = l} (1) 

6. 10 We have a one-one association between the distributions / e and the functions 

2 

F : /? ^ ^2 having the properties 6.8 i), ii). In a similar manner to the one-one association 
between the functions x : R ^ B2 and their supports supp jc cz /f , we have also a one-one 
association between the distributions / e ©' and their supports. 

6. 1 1 Theorem The distribution / e is regular if and only if the next conditions are true: 

i) ^0 ^ ^Loc 

ii) F*(t) = F\t) = 0,tsR (1) 
Proof Only if Let us suppose that [/] is a regular distribution, / e Ij^^ . Then 

00 

Fo(t)=<[flX{t}>= \f-X{t} = f(t)^lLoc^t^R (2) 



and on the other hand, for any ts R, there exists f< t so that 

supp f A(t\t) = (3) 

giving 

OO CO 

Mt)= j/X(0)= j0 = (4) 

— OO — OO 

* 

and similarly for F (t) . 

If Because Fq e Ij^^ , it makes sense to refer to the distribution [Fq]s and let (pe ® . 

There exists the strictly increasing locally finite family {t^\z€: Z} (see 6.7 c)) with 
the property that (p can be put under the form: 

<^t) = XiaiM)^t)®-®Xiap,bp)(t)®X{ci,...,Cn}(flt^I^ (5) 
p,ns N and the following conditions are fulfilled: 

i) ai,bi,...,ap,bp,ci,...,CfiS {t^ \ zs Z} (if p = or n = , then the condition is 

superfluous for these terms) 

ii) \/zeZyte(t^,t^+i),F(t^,t^+i) = Fo(t) = (6) 
It results that 

<f,i?> = <f,X^aiM)®-®^(ap,bp)®X{ci,...,Cn]>= (7) 
= <f'X(aiM) >®-®<f'X(ap,bp) >®</>X{ci} >®-®</.X{c„} > = 
= F(ai,bi)@...@F(a„,bJ@FQ(ci)@...@FQ(cJ = 



= Fo(q)e...eFo(c„)= jFo-(p = <[Fo],(p> 



7. The Limits and the Derivatives of the Distributions 

7.1 We recall that for any real positive sequence (x„) convergent to and for any test 
function cpe ® , the distribution / g ©' being arbitrary, the binary sequences (< / ,9x„ 
(< /,(p_x^ >) are convergent and this means the existence of the next limits: 

lim </_e,(p>= lim </,(pe> (1) 
e >0 e >0 

lim </e,(p>= lim </,(p_e> (2) 
e >0 e >0 

7.2 Notation Let / g . The functions /~, ^ ^2 defined in the next manner: 

</~,(p>= lim </,(pe > (1) 
e >0 

</+,(p>= lim </,(p_e > (2) 
e >0 

7.3 Theorem f~,f^ are distributions. 



Proof The linearity is obvious. We give a hint on proving the fact that being given \|/e Dijf , 
the real positive sequences (t„ ), (x^) convergent to and (pe ® , the binary sequence: 



not 



<f ,\|/-(p . >= lim </,(\|/-(p ' )t„ > = «m (3) 

is convergent. Without loss, there exist the numbers 

to<h<...<tk+i<tk+2 (4) 

so that 

9(0 = 9(^o) • X{to } (t) ® ■X(to,ti)(t) ® 9(^1 ) • (0 ® ... 

... ® cp(^^^) ■ %(,^ ,,^^1 ) (0 e (p(?fc+i ) • 5C{,^^j } (0 (5) 

\|/(0 = ...©\|/(ro)-Xuo}(0©¥(^)-%(ro,n)(^>®^(^i>-5Cm}(^>®- 

VpG {0,...,k + l}yte {tp,tp+y),F{tp,tp+y)^F\tp)@FQ{t)@F,.{tp+i) (7) 
and the number Ns N with the property that m,n> N implies: 

<tk+2 (8) 
The sequence (a^) is convergent, because the value of the binary numbers: 

</,X ' >></>% ' >'... 

...'</.%, ' >,<f,l, • • • > 

in the hypothesis that m,n> N , does not depend on m,n and we apply the linearity of / . 

7.4 Remark The property 7.3 of f~,f^ justifies the notations 7.2 (1) and (2). 

7.5 The distributions f~ are called the left limit of / , respectively the right limit of / ; 
these distributions are called together the lateral limits of / , or simply the limits of / . 

7.6 The distributions that are defined by the next sums: 

D-f = f®f- (1) 

D^f = f®f^ (2) 
are called the left derivative of / , respectively the right derivative of / and their common 
name is the lateral derivatives, or the derivatives of /. 

7.7 All the distributions / g ®' admit lateral limits and all the distributions have derivatives. 
The next formulas of iteration of the limits and of the derivatives take place: 

(rr=r (i) 
(rf=f^ (2) 
(f^y=r (3) 

(f^f=f^ (4) 
D-D-f = D-f (5) 
D-D+f=D^f (6) 



D^D-f = D-f (7) 
D^D^f^D+f (8) 

Proof We show (2): 

</",(p>= lim </,(Pe > (9) 

e^O 
e >0 

<(/")^,q>>= lim </",(p_e'>= lim lim </,(pe_e. >= (10) 
e'->0 e'->0 e->0 

e' > e' > Oe > 

= lim </,(p_e. > = </+, (p> 

e' >0 

7.8 Taking the lateral limit, as well as the derivation are linear functions (relative 

to the structure of B2 -linear space, but not relative to the structure of Diff -module of ). 

7.9 Examples a) <[5.^r,(p>= lim <[5,^],(pp>= lim (pp(ro)= (1) 

e >0 e >0 

= (p(?0 -0) = < ,(p > , (pE ®, ?o e /? 

thus 

b) / e ©' is defined like at 4. 10 (1). It is seen that: 

/ = /" (3) 

7.10 Other distributions may be defined by replacing 7.1 (1), (2) with 

lim </_p,(p>= lim </,(pp > (1) 

c, >t c, >t 

lim </£,(p>= lim </,(p s > (2) 

t, >t t, >t 

etc. 

8. The Test Functions of Two Real Variables and the Distributions that They Define 

2 

8. 1 Let cp2 • ^ ~^ ^2 a. function and the next conditions (that will be compared with the 
conditions from 2.1 a) , . . . ,e)) : 

a) i?2^Diff^^^ 

2 

b) the number M >0 exists with the property that for any (t,u) g R with 
^|t^ + > M , we have: 

CP2(?,M)=0 (1) 

c) the real numbers t',t" and u',u" exist with t'<t" and u'<u" so that 
supp 92 ^ [t' ,t"]x[u' ,u"] , i.e. (p2 vanishes outside a compact set 

d) (p2 is of the form: 



k+lp+l 

i=0 j=0 ■' ' J 

® .f 92 (^.- > • } (0 -Xiuj ,uj^, ) («) ® 

where k,peN ,(t,u)e R and < < ••• < ^jt+l > respectively mq < "i < ••• < i^p+l • 

e) (p2 belongs to the set ring S that is by definition generated by the sets: 
(t,t')x(u,u'), {t}x{u,u'), {t,t')x{u}, {t}x{u} 

where t,t',u,u'e R . 

8.2 If (p2 fulfills one of the next equivalent condition from 8.1: 

a) and b) <=> a) and c) d) <^ e) 
then it is called test function (fundamental function) of two real variables, or simply test 
function (fundamental function). 

8.3 The space of the test functions of two real variables is also called the fundamental space 
(of the functions of two real variables) and is noted with . 

8.4 From the algebraical point of view, Wj^^^^ is a B2 -algebra; Wj^^^^ is also an ideal of 
Diff^^K 

8.5 Let (P2 G ©i*^^-* a test function. We remark then that (p2(?o> • )> 92( ' > "o) ^ ® > where 

2 

8.6 The translation of (p2 with (x, v)eR is by definition: 

92(x,v) (^'"^ = (P2(t-'^,u-v),t,ueR (1) 

8.7 We consider the quadruple (\|/2,(t„),(v^), 92)' where \^2^ ^W^^K('^n)'(^m) 
two real positive sequences that converge to and (p2 ^W^^^^ ■ They define the next double 
sequences of test fiinctions: (\|/2 • (p2rT v ^ )' (^2 • 92r_T v ^ (^2 • 92rT -v ^ )' 

(¥2 ■ 92^_ _ , ^ ) ' t'^^t we shall call left-left convergent,..., right-right convergent. 

8.8 The fi2'^'g^bra I\J^ of the locally integrable functions consists in the functions 

2 

/2 : 1? — > ^2 with a locally finite support: 

, f , u' , m"e R, (f ,t")x (m' , m" ) a supp f2 is finite 

8.9 The regular distributions (over ) are defined by the locally integrable functions 

(2) 

f2 e /^^^ in the next manner: 



<[/2L92> = 7t(l™PP/2-92l)= S /2(^,^')-(P2(^,^'X92e (1) 

8.10 We call distribution (over ©^^^ ) a function /2 : ©^^^ — > ^2 that satisfies the next 
conditions: 

a) it is linear 

b) for any quadruple (\|/2 , (t„ ), (v^ ), (p2 ) - where \|/2 e £>«J^^^ , (t„ ), (v^ ) are two 
real positive sequences that converge to and 92 ^ ® , the sequences: 

(/2(V2-92(^ V )^^' (/2(¥2-92(_^ V )))'(/2(¥2 ■92(x _v ) ))' 

(/2(¥2 ■ 92(-_ _ ^ )) have a limit when n,m^ °° (for example the next property 

3aeB2,3NeNyn,m>N,f2(\\f2-(?2(r v = ^ 

is true). 

8.11 The value of the distribution /2 in (p2 is noted by tradition with < /2,92 > (instead of 
/2(92))- 

8. 12 We note with ©'^^^ the B2 -linear space and the Dijf^^^ -module of the distributions 
/2:®^2)^52_ 

9. The Direct Product of the Distributions 

9.1 a) Generally speaking, if two functions /, g : /? — > ^2 given, the following function 

f ®g -.R^ ^ B2 may be defined: 

(f®g)(,t,u) = f(t)-g(u),t,usR (1) 
called the direct product, or the tensor product of / with g . 
b) It is true the next relation: 

supp f ® g = supp f X supp g (2) 

9.2 We give for 9. 1 the example of two test functions (p, (p^ e © ; we have (p ® (p^ e , 
because from 

k+1 k 
(p(0= S <?(ti)-X[ti}(t)® S /,+i)(0 (1) 



Z'+l P uj+uj+i 



(2) 



we get: 



k+l p+l 

((P ® (Pl )(?, m) = S S (cp ® (Pl )(?j , M /)•%{..} (0 • %{M ;} (W) ® (3) 

^+1 p u ■+u • . 1 

e s E (cp ® (Pl )(?,. , ^ / ) ■ } (0 ■ X(„ .+!)(«)© 

r=0 j=0 ■' ■' 



In (1),...,(3), we have supposed that k,pe N,t,us RJq <ti <...<?jt+l 

Uq <Ui < ... < Up+\ . 

9.3 Our purpose in this paragraph is that of transferring the definition of the direct product of 

the functions to distributions. For f,g& //^^c ^e have f ® g e Ii^J^., if ® g]^ and, by 

using the same notation ' ® ' for the direct product of the distributions to be defined, we must 
have: 

[/®g] = [/]®[g] (1) 

9.4 Theorem Let / g ©' and (p2 e W>^^^ ■ The function (p:R^B2 that is defined in the 
following manner: 

(p\t) = <f,(p2it,-)>,t&R (1) 

is a test function. 

Proof a) Let us remark in the beginning that because for any fixed te R, the function 
(p2(^ • ) is a test function (see 8.5), the formula < /,(p2(^> ' ) > that defines (p'(0 makes 
sense. 

b) We refer to the expression 8.1 (2) of cp2 ^^'^ we see by a direct computation that: 

k+l k 

(p'(0= s (p'a,)-%{,.}(0© s (p'(!il|±I).X( (2) 

i=0 ' i=0 ^ 



where 



^+1 P Ui+Ui+] 

(?'(ti)= E (p2(^n"/)-^o("/)® S <?2(ti, )-F(uj,Uj+i),i = 0,k + l (3) 
j=0 ■' j=o ^ ■' ■' 

p+\ 



9' (^^f^) = E^ 92 (^^i^ , My ) • Fo (M^- ) ® 



e S^(p2(iLt|±I,^L_Z±i) . F{uj,Uj+^),i = 0,k (4) 

9' is a test function. 

9.5 Notation Another manner of writing the relation 9.4 (1) is: 

(?'(t)=<f(u),(f2(t,u)>,t,uGR (1) 

9.6 Remark The advantage of the notation 9.5 is that of indicating that / acts on the second 
variable of 92 . The disadvantage is its abusive character, the argument of / is 

92(?, • )e ® , not MG /? . 

When we work with functions that have several variables, notations like 9.5 can be 

useful. 

9.7 Theorem It is true: 

D;ip\t) = <f,D;ip2(t,)>,teR (1) 

D^(p'(t) = <f,D^(p2(t,-)>,teR (2) 

where the symbols D^,D^ refer to the lateral derivation relative to t . 
Proof The relation 



(p'a + T)=</,(p2(^ + T:.-)>'^^^ (3) 
may be written for any xe R and, as (p' is a test function, we may take the limit in (3), for 

example: 

cp'a-0)=</,(p2a-0,)>,?Gif (4) 
By the summation of (4) with 9.4 (1), 9.7 (1) results. 

9.8 Let f,ge ®',(P2 e and cp'e defined by 9.4 (1). When (p2 is variable (and (p' is 
also variable) / and g being fixed, the formula: 

</®^,(p2 > = <.?>(P'> (1) 
can also be abusively written under the form 

< (f ® g)(t,u),(p2(t,u) > = < g(t),(p'(t) > = < g(t),< f(u),(p2(t,u) », t,uGR (2) 

It defines a function f ® g : ® -62 t^^t called the direct product (or the tensor 
product) of the distributions / and g . 

9.9 From the formulas 9.4 (2), (3), (4) and with the notations G, Gq for the fundamental 
functions that are associated to g , we have the next computation of the value of / ® g in 

k+lp+l 
i=0 j=o 

k P+l .... . 

ess (p2(^^,M.)-G(?,-,?,+i)-Fo(My)e 

k+\ p u ■+u • i 1 

ess cp2(?,-, ^ / )-Go(ti)-Fiuj,uj+i)@ 
i=0 j=o ^ 

® S S cp2(^^^> ^ .■'^' )-G(ti,ti+i)-F(uj,Uj+i) 
i=0 j=o II J J 

9.10 Theorem / ® g e W^^^ ' • 

Proof The linearity is obvious and the property of convergence 8.10 b) results from the 
linearity, from the formula 9.9 (1) and from the properties of the fundamental functions F , 
Fq,G,Gq. 

9. 1 1 Theorem Let f,g,he . The next properties are true: 

a) f®g = g®f (1) 
in the sense that the next relation is fulfilled: 

V(P2 e m^^\< git),< fiu),(p2it,u) » = </(«),< g(0,cp2(^w) » (2) 

b) (f@g)®h = (f®h)@(g®h) (3) 

c) After defining the spaces of test functions Wj^^^^ and of the distributions 
^(3) , we have the associativity: 

(f®g)®h = f®(g®h) (4) 

Proof a) It results from 9.9. 

b) Obvious. 

c) It is necessary to replace the formula 9.9 (1) with the formula: 



k+\p+l l+l 

i=0 j=Os=0 •' •' 

i=0j=0s=0 III J J 

where 93 g ©^^^ etc. 

9.12 Let \|/e Dijf,f,g& ®',(p2 ^ • The fact that: 

<\|/(m) • f(u),<g(t),(p2(t,u) » = < f{u),Vf{u) ■ < g(t),(p2(t,u) » = (1) 

= < f(u), < g(t), \|/(m) • (p2 (t, m) » = < \|/ • (/ ® g), (p2 > 
where t,us R allows us to write briefly 

(V-/)®g=V|/-(/®g) (2) 
Anyway, the relation (2) must be understood keeping in mind the fact that the 
'arguments' of '^f,f,g are u,u,t . 

9.13 For /, g like before, we study the behavior of / ® g relative to the derivation of the 
distributions. Because the function 

\\f(u)=< g,(p2(- ,u)>,ue R (1) 

is a test function we can write 

<D;;(f®g)(t,u),<^2(t,u)>= (2) 
= <(f ® g)(t,u),(p2(t,u) > @ Ml <(f®g)(t,u),(p2(t,u-e)> = 

e>0 

= < f(u), < g(t), 92 (t, m) » e lim < f(u), < g(t), (p2 (t, u-e)» = 

e>0 

= < f(u), < g{t), (p2 {t, m) » © lim < f{u + 8), < g{t), (p2(?, «) » = 

e>0 

= lim < /(a) © f{u + E),< git), 92^, «) » = < iiD~f) ® g){t, u),(p2(t,u) > 

e>0 

If we keep in mind the variables u, u, t to which the left derivation operator, / and g 
refer, the relation (2) can be briefly written like this: 

D-{f®g) = iD-f)®g (3) 

9.14 Examples of direct product of distributions, a) Let {t^ I z e Z }, {u^^ \we Z] two locally 
finite families and [ S 5* ], [ S S,. ]e the regular distributions that they define. We 



have for 92 ' 



1P1,(2). 



<[ S 5 ]®[ S 5. ],92>= f t S d(t-t^) f „ S d(u-u^)-(p2(t,u)= (1) 

— 00 —00 

= S S 92(^2, Mw) 
zeZ weZ 



00 00 



where the symbols | ^ , | ^ indicate the variables relative to which the integration is done. 



—00 —00 



b) We note with g e Wj^' the distribution 5.7 (1) and we have for (p2 ^ ® and 
uqg R: 

oo 

<5~Q ®g,(p2 > = <g(0,<5^0'^2(^")»= \d~(P2(-,Uq-0) (2) 



10. Distributions Over Test Functions of Several Variables 

10.1 This generalization refers to the number of independent variables of the test functions, in 

the sense of the definition of the spaces problem that was already 

dealt with in the previous paragraphs. We give a hint on the steps to be followed. 

10.2 Step I, the definition of the differentiability of the functions (p : /?" — > B2 (by 
generalizing 1.12, 1.17). 

10.3 Step II, we define the test functions cpe to be the differentiable functions 
cp G Dijf^"^ with the property that they have a bounded support. 

10.4 Step in, we define the distributions / e ® "^"^ ' to be the linear functions / : ® ^ ^2 
with the property that for any n + 2 -tuple (\|/,(t^j ),...,(t^^ ),(p) , where (pe Dijf^"^ , 

{Xp^ ),..., (Xp^ ) are real positive sequences that converge to zero and (pe ' we have 
that lim /(\|/ (p(+^ +^ ^ ) exists (for example the next property 

3aeB2,3Ne Nypi,...,p„ > N, /(\|/ • (p(^^^ ^. ^^^^ ) ) = a (1) 

is true). 

We have noted 

11. Other Distributions 

1 1. 1 As opposed to 10, this second type of generalization of the paragraphs 2,. . .,9 refers to 
the functions (p : /? — > ^2 starts from redefining the notion of test function. 

1 1.2 a) It is called space of test functions (or fundamental space) a set ^ <z Diff with the 
next properties: 

a.l) (pGm,XGR^<p^em 

a.2) (pEm=>(p~,(p^em 
a.3) (p,(p'e^=>(pe(p'em 
a.4) ^eD«jff,cpeK^\|/-cpG^ 
b) The functions (pe Ml are called test functions (or fundamental functions). 

11.3 Remarks a) All these properties were used in the previous paragraphs. 

b) M is invariant to translations, it contains a function together with its lateral Umits, 

it is a B2 -algebra and it is also an ideal of Diff. 



11.4 Examples of spaces of test functions. {0} and Dijf are the two improper subspaces of 
Dijf that fulfill the conditions of the definition 1 1.2. We have noted with {0} the set formed 
by the null function R ^ 82- 

Other examples are © , Ij^^. and I^o • 

1 1.5 Proposition If ^ 9^ {0} is a space of test functions, then } e eR. is the 

smallest non-null space of test functions (in the sense of the order given by the inclusion). 
Proof Let (pe ^ a non-null test function (we can take such a function because ^ {0} ) 

and let us suppose that tg is a point where (p is equal with 1. Because X{^q} ^ Diff , from 
11.2 a.4) we have that 

1 1.6 Let Mi a space of test functions. We call distribution (over ^ ) a linear function 
/ : ^ ^ ^2 that fulfills one of the equivalent conditions: 

a) for any triple (\|/, (t„ ), (p) with \|/ e Diff, (t„ ) a real positive sequence that 
converges to and (pe ^ , the binary sequences (/(\|/ • (p^^ )), (/(\|/ • )) convergent. 

b) for any couple (\|/, (p) with \|/ e Diff,(pe ^ , the function in ? : /(\|/ • (p^) is 
differentiable. 

1 1.7 a) The distribution / over ^ is said to be regular, or of function type, if a function 
g : 1? — > ^2 exists with the property that 

00 

/((p)= jg-(p,(pem (1) 

— 00 

b) If / is not regular, then it is called singular. 

1 1 .8 By tradition, we shall note with < /, cp > (instead of /(cp) ) the value of the distribution 
/ in the 'point' cp ; other notations are < f(t), (p(t) >, (/, cp) etc. 

If the distribution is regular, we shall continue to use the notation < [g], cp > . 

11.9 The set ^' of the ^ ^ ^2 distributions is obviously organized as a B2-linear space 
and Diff -module. The translation of a distribution, the limit and the derivative are easily 
defined. 

11.10 We have the next inclusions of spaces of test functions and of spaces of distributions: 

{0} c e II,,, c Diff, {0}'3 C 3 i'lo, 3 Diff' 

czmcz Diff, Cz^m'^ Diff' 

{0}^m^ Diff ,{0}'^m^ Diff' 

where ^ is an arbitrary space of test functions. 

11.11 Notation For like before we note: 

Regm = {f\f:R^ B2,[f] e m!} (1) 

11.12 Reg ^ is a B2 -linear subspace and a Diff -submodule of Diff . 

11.13 Theorem The next statements are true: 

a) Reg {0} = fif a)' {0}'= {[/] I / e fif } = {0 1 : {0} ^ ^2} (1) 



b. l) Reg = Diff h.iy I^ = {[f]\f& Diff} (2) 
h.2) Reg Diff = 1^ (3) 

c. l) Reg I Lo, = m (4) 
C.2) Reg m = lLoc (5) 

n 

Proof a) Let / e ^2 arbitrary. It defines the null function: 



V(pe{0}, |/-(p = (6) 



that is a distribution of {0}' . 

a)' The only linear function {0} B2 is the null function, that is a distribution. 

b. 1) Let / : /f — > ^2 arbitrary. From the fact that X[t} ^ ^00 , where ? g /f , the 
condition 

<UlX{t]> = f(t)^Diff (7) 
shows that Reg a Diff . The inverse inclusion is obvious. 

b. 1)' Let f e lao, for which we have: 

def 

Fo(t) = <f,X{t}>^Diff (8) 
Any non-null test function from is of the form Xiiq} ® ••• ® X{;„ } and / acts on it 
in the next manner: 

<f,X[to}®-®X{tn}> = <f^X[to}>®-®<f^X[tr^}> = Fo(to)®-®Fo(tn)= (9) 

= <[FolX{to)®-®X{t,}> 

i.e. / is of function type: 

/ = [^0] (10) 
showing that cz {[/] I / g Diff} . The inverse inclusion results from b.l). 

b. 2) Let / : 1? — > ^2 • Because 1 g Diff and supp / • 1 is finite, we infer that f & I^, 
thus Reg Diff a . The fact that cz Reg Diff is easily proved. 

c. l) Let the function f : R ^ B2. As X{t}^ ^Loc > ^i^^ (^) / defines a regular 
distribution if it is differentiable and moreover if Vcp g //^^c' ^WP / ' 9 is finite i.e. if 

supp f is bounded, resulting that / g ® . We have proved that Reg Ij^^^ cz © . The inverse 
inclusion is obvious. 

c.2) Let / : 1? — > ^2 • The condition V(pe supp / • (p is finite implies / e 7^^^^ , 
thus Reg © <z Ij^g^ . The inverse inclusion is obvious, because this was the definition of the 
regular distributions. 

11.14 We have here the open problem: does 7^^^ contain singular distributions ? 

12. The Convolution Algebras of the Distributions From Wj^' 



12.1 Let f,g& two distributions. The function 

\|/(M)=<g,(p_j, >,ueR,(peW> 



(1) 



is a differentiable function (with an unbounded support, generally), because it is a sum of 

differentiable functions of the form Go(?/ - u),i = 0,k + 1, Gifi - m,?j+i -u),i = 0,k,GQ,G 
being the fundamental functions of g and this is why it makes sense sometimes, for example 
if / G Diff'd ©' , to refer to < /, \|/ > . 

12.2 It is called the convolution product of the distributions / and g (in this order) the 
function / * g : © — > ^2 that is defined by 

< f*g, (?> = </ ,y\f> = <f(u),<g(t),(p(t + u)» (1) 
where cpe © and t,us R. 

12.3 As resulted by the successive application of two distributions, the convolution product is 
a distribution, this is obvious. This fact justifies the notation that was used at 12.2. 

12.4 It is a natural desire to present the convolution product of the distributions to be their 
direct product, under the form: 

</*g,(p> = </®g,(poa> (1) 

where g.R — > /? is the sum function: 

cit, u) = t + u,t,ue R (2) 

This fact is not possible however, because when cpe ®,(poa^ Wj^^^^ ; cp o o is not, 
generally, differentiable or with bounded support. 

12.5 Counterexample at 12.4. The function 5g ® fulfills the previous property: the 
function of two variables 

(doc)(t,u) = 8(t + u),t,ue R (1) 
does not belong to Diff^^^ and it has also an unbounded support. 

12.6 Let /, g : /f — > ^2 ' their convolution product is the function f * g : R ^ B2 defined by 

00 

(f*gm= \^m-g(t-^) (1) 

—00 

12.7 We define the following sets of locally integrable functions /:/?—> ^2 • 

hnf - if ^ E R, (-00, a) A supp f is finite} (1) 
hup = if I («'°°) ^ supp f is finite} (2) 

12.8 In the previous definition, a set H cz R satisfying 

Va G R, (-00, a)AH is finite 
Va e R,(a,oo) aH is finite 
is called inferiorly finite, respectively superiorly finite. 

12.9 There exists the situation when the convolution product of /, g e I^oc has sense, for 
example if f,g belong to looJinf^hup and in all these cases f*g^ Iioc (more exactly: 
f * g belongs to looJinf ' respectively Ig^p ). In such situations [/ * g] e D' and we can 
write that: 

<[/*g],cp>= S (/*g)(^)cp(^)= (1) 

= S S /(M)-g(^-M)-(p(^)= S S f{u)-g{^-u)-iS?{^) 
%&Ru&R u&R%&R 



With the substitution 

^-u = t (2) 

that transforms the summation variables ^, u in the summation variables t,u , it results 

<[f*g],(?>= Z Z f(u)-git)-(pit + u) = <[f](u),<[g](t),(?(t + u)» (3) 
ueRteR 

12.10 The formula 12.9 (3) rediscovers the definition 12.2 (1) for the case of the regular 
distributions. By comparing these formulas we have that 

[/*g] = [/]*[g] (1) 

12.11 The regular distribution [5] has a convolution product with any / € and we can 
write that 

< [5] * /, (p > = < [5](m), < fit), (pit + u)» = < fit), (pit) >= (1) 
= <fit),< [d]iu),(pit + u) » = < / *[5],(p >, (p&m 

12.12 It is said that a linear subspace W of W^' is a convolution algebra (of distributions) if 
it has the next properties: 

a) [5]G W 

b) the convolution product of two or several distributions from W is defined and it 
belongs to W . The convolution product is associative and commutative. 

12.13 Examples of convolution algebras. 

a) {0, [5] } is the simplest convolution algebra, where is the null distribution. 

b) {0, [5], 5~ , 6+ , [6] e 5~ , [5] 5+ , 5~ 6+ , [6] 5~ 5+ } is a convolution algebra 
that has the remarkable property that it contains a distribution / together with the 

distributions /~ and /"*" . This fact is also true at the next example. 

c) Let I,J,K (zR finite sets (inferiorly finite, superiorly finite sets). The space of the 
distributions of the form 

S[5,]© S [57] e S [5^] 

is a convolution algebra. 

12.14 Proposition Let the convolution algebra 'CJ' . The next statements are true: 

a) fHg®h) = if*g)@if*h) (1) 

b) If /", /+ G W , then D~f *g,f* D~g, D~if*g)&W and the next result 

holds: 

D-if*g) = D-f*g = f*D-g (2) 
At a), b) the distributions f,g,h belong to W . 

Proof b) The fact that D~f,D~g,D~f *g,f* D~g,D~if *g)&W is obvious. We have: 

<D~if*g),(p> = <f*g,(p>®]hn <f*g,(p^>= (3) 

e>0 

= </,\|/>0 lim </,\|/e > = <D""/,\|/> = <D~/*g,(p> 

e>0 

where (pe and \|/g Diff is given by 12.1 (1). 



Bibliography 

[1] Romulus Cristescu, Analiza functionala (Functional Analysis, in Romanian), editura 
didactica si pedagogica, Bucuresti, 1979 

[2] Boris Crstici et al, Matematici speciale (Special Topics in Mathematics, in Romanian), 
editura didactica si pedagogica, Bucuresti, 1981 

[3] Serban E. Vlad, If — > ^2 Differentiable Functions, Analele universitatii din Oradea, 
Fascicola matematica, Tom V, 1995-1996 

[4] Serban E. Vlad, The Convolution Product of the /? — > ^2 Functions, Analele universitatii 
din Oradea, Fascicola matematica, Tom V, 1995-1996 

[5] Dumitru Haragus, Elemente de teoria distributiilor (Elements of Distributions Theory, in 
Romanian), Tipografia universitatii din Timisoara, Timisoara, 1991. 



(Received November 15, 1998) 



